The Radical 2-Subgroups of Some Sporadic Simple Groups  by Yoshiara, Satoshi
Journal of Algebra 248, 237–264 (2002)
doi:10.1006/jabr.2001.8992, available online at http://www.idealibrary.com on
The Radical 2-Subgroups of Some Sporadic
Simple Groups
Satoshi Yoshiara
Division of Mathematical Sciences, Osaka Kyoiku University,
Kashiwara, Osaka 582-8582, Japan
E-mail: yoshiara@cc.osaka-kyoiku.ac.jp
Communicated by Gernot Stroth
Received April 15, 2001
As a continuation of previous work (S. Yoshiara, 2000, J. Algebra 233, 309–341),
this paper determines the radical 2-subgroups of the sporadic simple groups
LyO′NHS, and HN .  2002 Elsevier Science (USA)
1. INTRODUCTION
A nontrivial p-subgroup R of a ﬁnite group G is called radical (resp.
centric) if R = OpNGR (resp. every p-element centralizing R lies in
ZR. We use the symbol pG to denote the set of radical p-subgroups
of G. As a continuation of the papers [24] and [12], the present paper
determines the 2-radical subgroups up to conjugacy of the sporadic simple
groups Ly of Lyons, HS of Higman–Sims, O′N of O’Nan, and HN = F5 of
Harada–Norton. This completes the radical 2-subgroups of all sporadic sim-
ple groups, except the Monster and the baby Monster, because the papers
[24] and [12] determine those of J4 Co2 Th Fi22, and Fi
′
24, and those of
the remaining sporadics are treated in [2] (the Mathieu groups), [3] He,
[11] (J3), [7, 14] McL, [4] Co3, [17] Co1, [18] Rud, [25] Suz, and
[5] Fi23.
See the introductions of [24] and [12] for the motivations and the strategy
for determining the radical p-subgroups. The importance of the centric
radical subgroups, which is ﬁrst suggested in [20, Sect. 4] (see also [25]),
now becomes apparent in view of the recent results of Sawabe [19].
The radical 2-subgroups of HS are classiﬁed by [9], but they are treated
in this paper as well, because its automorphism group arises as a quotient
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group of the centralizer of an involution of HN . We also emphasize the
presentations of a Sylow 2-subgroup of HS, because one of them has a
strong connection with that of O′N . Some useful observations on the radical
2-subgroups of the alternating groups are included as Lemma 5, which is
effectively used when we determine the radical 2-subgroups of the quotient
group A11 of the centralizer of an involution of Ly.
The main results are summarized in Tables 2, 4, 5, and 6. There, for a
representative R of each class of the radical 2-subgroups, we give a descrip-
tion (not rigorous) of the isomorphism class of R as well as those of the
center ZR and the quotient group NGR/R of its normalizer. We fol-
low the Atlas notation; in particular, AB (or AB) means an extension of
B by A (a group with a normal subgroup isomorphic to A and the quo-
tient group by that group isomorphic to B), and A  B indicates splitness
of the extension. Radical subgroups with the identical centers (up to con-
jugacy) are collected with the indication of the fusion of the center, with
the class name following the Atlas notation. If the fusion is not indicated,
then the center is identical with the group in the row above. We also indi-
cate whether the representative R is centric, without giving the veriﬁcation,
as is easy to see in many cases.
Throughout the paper, p means a prime unless otherwise stated. For a
set , the symbols S and A are used (most frequently in Sections 2 and
3) to denote the symmetric and the alternating group on , respectively.
When we do not need to specify the sets , we just denote them by Sn
and An, where n = . We also use the symbols npn 21+2nε , and Fmn
to denote, respectively, the cylic group of order n, the elementary abelian
group of order pn, the extraspecial group of order 21+2n of ε type ε = ±1,
and the Frobenius group with a kernel that is a cyclic group of order n and
a complement isomorphic to a cyclic group of order m. Furthermore, the
symbols D2nQ8 ∼= 21+2− and 43 indicate the dihedral group of order 2n,
the quaternion group of order 8, and the direct product of three copies
of a cyclic group of order 4, respectively. For a conjugacy class pX of an
element of order p, an elementary abelian p-subgroup is called pX-pure if
all of its nontrivial elements lie in pX.
2. PRELIMINARIES
We ﬁrst quote some lemmas from [24].
Lemma 1. Let G be a ﬁnite group and let p be a prime divisor of G.
(1) If the normalizer in G of a radical p-subgroup R of G is con-
tained in a subgroup M of G, then OpM ≤ R and R/OpM is a radical
p-subgroup of M/OpM or the trivial group.
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(2) Assume that a p-subgroup R contains OpM of some subgroup
M as a normal subgroup and that R/OpM is a radical p-subgroup of
M/OpM. If NGR ≤M , then R is a radical p-subgroup of G.
(3) Let Z be a non-trivial p-subgroup of G, and let M be a maxi-
mal p-local subgroup of G containing NGZ. Set R0 = OpM and let
Ri/OpM i = 1    m be the complete representatives of M/OpM-
classes of radical p-subgroups of M/OpM. Then the set  = Rj  j ∈
0    m ZRj = Z is a system of complete representatives of radical
p-subgroups R whose centers ZR are conjugate to Z.
(4) Assume that z = CGOpCGz for an element z of order p.
Then the inverse images in CGz of the representatives of classes of radical
p-subgroups of CGz/OpCGz together with OpCGz form a set of
complete representatives of radical p-subgroups R with ZR generated by a
conjugate of z.
Lemma 2 [17, Lemma 3.2]. Every radical p-subgroup of the direct prod-
uct A× B of two ﬁnite groups A and B is of the form RA × RB, where RA
and RB are radical p-subgroups of A and B, respectively, allowing exactly
one of them to be trivial. Conversely, every subgroup of this form is a radical
p-subgroup of A× B.
Lemma 3. Let A be a ﬁnite group having a normal subgroup G of index
p. Assume that U1     Us are the representatives of G-conjugacy classes of
radical p-subgroups U of G with NAU ≤ G, and that Us+1     Ut are
the representatives of A-conjugacy classes of radical p-subgroups of G with
NAU ≤ G. We also set U0 = OpG.
For each i = 0     s, consider subgroups P/Ui of order p of NAUi/Ui
outside NGUi/Ui such that the centralizer of P/Ui in NGUi/Ui has the
trivial Op-part, and let P
j
i /Ui be the representatives of NGUi/Ui-classes of
those subgroups j = 1     τi. If such a subgroup P does not exist, set
τi = 0.
Then
(1) The set of p-subgroups Pji for i = 0     s with τi = 0 and
j = 1     τi gives a set of complete representatives of A-conjugacy classes
of radical p-subgroups of A not contained in G.
(2) The set of Uj j = s + 1     t and Ui i = 0     s with
OpNAUi/Ui = 1 gives a set of complete representatives of A-conjugacy
classes of radical p-subgroups of A contained in G.
The following are results on the radical 2-subgroups of some small
groups, which are frequently used later. Proofs are straightforward and so
are omitted. (To verify the claim (4) (resp. (5)), Lemma 3 (resp. Lemma 5)
can be used effectively.)
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Lemma 4. (1) The radical 2-subgroups of the symmetric group S5 on
1     5 split into three conjugacy classes with the following representatives:
Repre. R R ∼= NR
12 2 2 × S3
1234 1324 22 S4
1234 1324 12 D8 (Sylow) D8
(2) The radical 2-subgroups of the symmetric group S6 on 1     6
split into three conjugacy classes with the following representatives:
Repre. R R ∼= NR
123456 132456 142356 23 23  S3
12 34 56 23 23  S3
12 34 56 13 24 D8 × 2 (Sylow) D8 × 2
If we view S6 as Sp42, they respectively correspond to the unipotent radicals
of stabilizers of an isotropic point, an isotropic line, and a point-line ﬂag.
(3) The radical 2-subgroups of the alternating group A6 on 1     6
split into three conjugacy classes with the following representatives:
Repre. R R ∼= NR
1234 1324 22 S4
1234 3456 22 S4
1234 1324 3456 D8 (Sylow) D8
If we view A6 as the derived subgroup Sp42′ of Sp42, they correspond
to the intersections of Sp42′ with the unipotent radicals of stabilizers of an
isotropic point, an isotropic line, and a point-line ﬂag.
(4) The radical 2-subgroups of AutA6 split into three conjugacy
classes with the following representatives, where ι is an involution in
AutA6\S6 
Repre. R R ∼= NR
23-subgroup in S6 23 23  S3 ≤ S6
ι 2 2 × F45
Sylow D162 D162
(5) The radical 2-subgroups of the alternating group A7 on 1     7
split into three classes with the same representatives as those for A6.
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3. RADICAL 2-SUBGROUPS OF Ly
In this section, we determine the radical 2-subgroups of the Lyons simple
group Ly. As the alternating group A11 appears as a quotient group of the
centralizer of an involution, we ﬁrst determine 2A11. For that purpose,
the following observations are useful, as is [24, Lemma 5].
Lemma 5. For a radical 2-subgroup U of the alternating group A on a
set , assume that there is no point of  ﬁxed by every element of U .
The U-orbits in  are indexed by pairs j i with j = 1     t for some t
and i = 1     sj for some sj , depending on j such that the permutation groups
Uij ij and Ulklk are equivalent if and only if j = k, where ij and Uij
respectively denote the U-orbit indexed by the pair j i and the permutation
group on ij induced by U .
Then the following hold:
(1) Identifying Uij with a subgroup U
i
j ×id\ij of the symmetric group
S, we have
U = A ∩
( t∏
j=1
sj∏
i=1
Uij
)

(2) For each j = 1     t, the normalizer NAU contains a subgroup
isomorphic to Ssj of degree sj which permutes the orbits 
1
j      
sj
j natu-
rally. In particular, NAU/K ∼= Ss1 × · · · × Sst , where K denotes the inter-
section of kernels of the actions of NAU on ij  i = 1     sj for all
j = 1     t. Furthermore, we have
K = A ∩
t∏
j=1
sj∏
i=1
NS
ij
Uij
(3) There is no j i such that NS
ij
Uij is a 2-subgroup properly con-
taining Uij , unless sj = 1 and Uij is a self-normalizing Sylow 2-subgroup ofAij .
(4) If NS
ij
Uij = Uij for some j i, then sj is neither 2 nor 4.
Proof. (1) As NAU permutes the U-orbits ij j = 1     t i =
1     sj, it also permutes Uij j = 1     s i = 1     sj under conjuga-
tion. Thus ∏tj=1∏sji=1Uij ∩ NAU is a normal 2-subgroup of NAU
containing U . Hence U = ∏tj=1∏sji=1Uij ∩ NAU as U ∈ 2A.
This implies that U = ∏tj=1∏sji=1Uij ∩ A from a deﬁning property of
nilpotent groups.
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(2) As NAU preserves the equivalence class of each permutation
group Uij ij, it stabilizes j =
⋃sj
i=1
i
j and induces a permutation group
on the orbits ij i = 1     sj for each j = 1     t. The kernel of the
action is NAU ∩ 
∏sj
i=1 Sij × S′j , where ′j denotes the complement of
j in .
For each i = 2     sj , let ρij U1j → Uij and ζij  1j → ij be a group
isomorphism and a bijection which induce the equivalence of U1j  1j  with
Uij ij. Deﬁne the permutation σij on  to be ζij and ζij−1, respectively,
on 1j and 
i
j and the identity elsewhere. Then σ
i
j ﬂips U
1
j and U
i
j , but
stabilizes the other factors Ulk. Thus it normalizes U by claim (1). The
permutation σij is a product of 1j  transpositions, and so it is an even
permutation, because 1j  is the length of a nontrivial orbit of a 2-group
U . Thus 1j = σij  i = 2     sj is a subgroup of NAU isomorphic to
Ssj which permutes the sj orbits 
i
j i = 1     sj, where σij corresponds to
the transposition 1j  ij.
As U induces Uij on each orbit 
i
j , the group NSU ∩ Sij is contained
in NS
ij
Uij. Hence the intersection K = NAU ∩
∏t
j=1
∏sj
i=1 Sij of the
kernels of actions of NAU on ij  i = 1     sj for all j = 1     t is
contained in the intersection of A with
∏t
j=1
∏sj
i=1NSij
Uij. Conversely,
the latter intersection normalizes U by claim (1).
(3) Assume that NS
ij
Uij is a 2-subgroup properly containing Uij for
some j i. Then Kj =
∏sj
k=1NSkj
Ukj  ∩ A is a normal 2-subgroup of
NAU, because it is the intersection of the kernel K with the pointwise
stabilizer of \⋃sjk=1kj , and each factor NSkj Ukj  is conjugate under 1j
to the 2-subgroup NS
ij
Uij.
By assumption, Ukj is a subgroup of NSkj
Ukj  of index 2a for some
a ≥ 1 independent of k = 1     sj . Then Kj contains the subgroup∏sj
k=1U
k
j with index at least 2
asj−1. Thus Kj =
∏sj
k=1U
k
j iff a = sj = 1 and
NA
ij
Uij = Uij is a Sylow 2-subgroup of Aij . Hence, if the latter condition
fails, then Kj properly contains the permutation group
∏sj
k=1U
k
j induced by
U on
⋃sj
k=1
k
j , and hence UKj is a normal 2-subgroup of NAU properly
containing U , which is against U ∈ 2A.
(4) If NS
ij
Uij = Uij for some j i with sj = 2 or 4, then O21j ∼=
O2Ssj  = 1 and UO21j is a normal 2-subgroup of NAU properly con-
taining U . This is against U ∈ 2A.
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TABLE I
Radical 2-Subgroups of A11
Name R ZR NR/R Name R Z(R) NR/R
R1 24 24 S5 U0 23 23 L32 × 3
R2 24 24 S3 × S3 U1 24 24 S3 × S32 × 3
R3 D8 × 22 23 S3 U01 24  2 22 3× 32
R4 24  2 23 S3 U02 21+4+ 2 S3 × S3
R5 21+4+  2 2 S3 U012 26 2 S3
S 27 2 1 T1 22 22 S3 × S5
T2 D8 2 S5
T3 22 22 3×A72
Lemma 6. There are just 14 conjugacy classes of radical 2-subgroups of
the alternating group A11 on 11 letters 0 1     9 10 with representatives in
Table I. Of these, 11 classes (except those represented by Ti i = 1 2 3) are
centric.
Proof. Let U be a radical 2-subgroup of A11 acting naturally on
0     9 10. Then the set 3U of letters ﬁxed by U consists of 1, 3, 5,
or 7 letters. By [24, Lemma 5], U is a radical 2-subgroup of A, where
 = 0     10\3U.
We ﬁrst treat the case where 3U = 1. We may assume 3U = 10.
Let 1     s be the orbits of U in . As each length i is a proper
power of 2, the possibilities of i  i = 1     s are (a) 25, (b) 23 4,
(c) 2 42, and (d) 2 8.
Case (a). In this case, U is conjugate to
R1 = 01 23 45 67 89 ∩A ∼= 24
by Lemma 5(1). It follows from Lemma 5(2) that NA11R1 ∼= 24  S5, and
hence O2NA11R1 = R1 and R1 ∈ 2A11.
Case (b). Up to conjugacy, we may assume that 1 = 0 1 2 32 =
4 53 = 6 7, and 4 = 8 9. By Lemma 5(1), we have
U = A
⋂ V1 × 45 67 89
where V1 is a 2-group of S1 acting transitively on 1. There are three
possibilities for the equivalence class of V11: a four group consisting of
regular involutions on 1 (in this case V1 ≤ A1, a cyclic group of order
4, or a dihedral group D8 (in the latter cases V1 ≤ A1.
The second case does not occur, because in this case NS1 V1 ∼= D8 is a
2-subgroup properly containing V1, so that we may apply Lemma 5(3).
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In the ﬁrst case, U is conjugate to
R2 = A ∩ 0123 0213 × 45 67 89
= 0123 0213 4589 6789
In view of the orbit lengths, the normalizer in A11 of R2 acts on 1 and
permutes i i = 2 3 4. Then NA11R2/K ∼= S3 by Lemma 5(2), where
K = A11 ∩ NS1 V1 ×
∏4
i=2 Si is the kernel of the action of NA11U
on the orbits i i = 2 3 4. As the kernel is a subgroup of NS1 V1 ×∏4
i=2 Si
∼= S4 × 23 of index 2, we have K/U ∼= S3 and NA11R2/R2 ∼=
S3 × S3. Thus O2NA11R2 = R2 ∈ 2A11.
In the last case, we may take
R3 = R201456789
Now NA11R3 acts on 1 but induces a normalizer of D8 on 1. As a D8-
subgroup of S4 is self-normalizing, NA11R3 = R3468579 4657,
and so O2NA11R3 = R3 ∈ 2A11.
Case (c). We may assume 1 = 0 1 2 32 = 4 5 6 7, and 3 =
8 9. By Lemma 5(1), U = A ∩ V1 × V2 × 89, where Vi is a tran-
sitive 2-subgroup of Si i = 1 2. Then Vi ∼= 22 4, or D8. There is no
i ∈ 1 2 with Vi ∼= 4 by Lemma 5(3). Furthermore, V1 or V2 is not D8 by
Lemma 5(4). If Vi ∼= 22, then Vi ≤ Ai . As U induces a transposition on
3, at least one of the Vi’s is not contained in Ai and hence is isomorphic
to D8. Thus up to conjugacy U coincides with
R4 = 0123 0213 × 4567 46570189
V1 ∼= D8 and V2 ∼= 22
The normalizer NA11R4 stabilizes each i i = 1 2 3, because 1 =2 = 3 and V1 ∼= V2. Then its structure is determined by Lemma 5(2)
as
NA11R4 = A ∩ V1 × V2456 4589 × 89 ∼= R4S3
and O2NA11R4 = R4 ∈ 2A11.
Case (d). We may assume 1 = 0     7 and 2 = 8 9. The nor-
malizer NA11U acts on 1 and 2, as 1 < 2, and hence
NA11U ≤ A11 ∩ S1 × S2 = 1 ∼= S8
Thus U is a radical 2-subgroup of 1. As U ≤ A11 induces (89) on 2, U
contains a permutation g(89), where g is an odd permutation on 1. We set
B = S1 ∼= S8 and A = A1 ∼= A8. Then the above g lies in NBU ∩A\A.
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By [17, Lemma 3.1], U ∩A = 1 or U ∩A ∈ 2A. As U is transitive on
1 U  ≥ 8 and hence U ∩A = 1. Thus U ∩A lies in one of the seven
conjugacy classes of unipotent radicals in A ∼= A8 ∼= GL42.
It is convenient to use the following explicit identiﬁcation ρ of GL42
with A8 (see [12, Sect. 2.1]). We deﬁne Xij 1 ≤ j < i ≤ 4 to be the lower
triangular matrix of GL42 with the unique off-diagonal entry at the i j-
position. Then we have ρXij = εij for every 1 ≤ j < i ≤ 4, where εij is
the permutation
ε21 = 04152736 ε31 = 02134756
ε41 = 01234567 ε32 = 03124567
ε42 = 02134657 ε43 = 04152637
The following are representatives of the seven unipotent radicals ofGL42:
U0 = X21X31X41 ∼= 23 U2 = X41X42X43 ∼= 23
U1 = X31X32X41X42 ∼= 24
U01 = X21X31X41X32X42 U12 = X41X42X43X31X32
U02 = X21X31X41X42X43 ∼= 21+4+ 
U012 = Xij  i ≤ j < i ≤ 4
The involutive automorphism ι GL42  X → JtX−1J ∈ GL42,
where J is the anti-diagonal 0 1-matrix of GL42, corresponds to the
transposition (67) of B\A. The involution ι exchanges U0 and U2, and U01
and U12, but stabilizes the other unipotent radicals. Now the A-conjugacy
class of a radical 2-group U ∩A is stabilized by B, as g ∈ NBU ∩A ≤ A.
This U ∩A is conjugate to U1U02, or U012. In the last case, U ∈ 2A11,
as U012 is a Sylow 2-subgroup of A ∼= A8, and hence U coincides with a
Sylow 2-subgroup S = U0126789 of A11.
Thus we may assume that U ∩ A = U1 or U02. In the former case,
NAU ∩ A/U ∩ A ∼= S3 × S3. As NA11U contains NAU ∩ A as a
subgroup of index 2, the subgroup U/U ∩A of order 2 centralizes any
element of order 3 of NAU ∩A/U ∩A. Thus every element t of order 3
commutes with some h ∈ U\A. In view of the explicit shape of U1 = U ∩A,
we see that U ∩A has two orbits 1a = 0     3 and 1b = 4     7
on 1. As 1 is a single orbit under Uh exchanges these two subsets of
1. For t of type 3115 on 1 h ∈ CBt acts on the 3-cycle of t, which lies
entirely in one of 1a or 1b. Then h cannot exchange them. This elimi-
nates the possibility U ∩A = U1.
Hence U ∩ A = U02. In this case, NAU ∩ A/U ∩ A ∼= S3 and
NBU ∩ A = NAU ∩ A67. Since 024135 ε32 is a comple-
ment for NAU ∩ A/U ∩ A, the group U is conjugate to either
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U ∩Aε326789 or
R5 = U ∩A6789 ∼= 21+4+  2
It is easy to see that there is no element of order 3 of NAU ∩ A
≥ NAU normalizing the former candidate for U . On the other hand,
in the latter case, since (024)(135) commutes with (67)(89), we have
NA11U = N1U = NAU ∩A6789 and O2NA11U = U . Hence
R5 = U ∩A6789 ∈ 2A11.
This exhausts the case where 3U = 1. In view of the normalizers of
Ri and a Sylow 2-subgroup of A11, we see that all of them are centric.
When 3U = 3, we have already exhausted all possible radical 2-
subgroups of A ∼= A8 up to conjugacy under S ≤ A11 in the consid-
eration of Case (d). Note that U0 and U2 (resp. U01 and U12) are conjugate
under S. If 3U = 5, then it follows from [24, Lemma 5] that U is a
radical 2-subgroup of A ∼= A6, where  = 0     10\3U. We may
take  = 0     5. As U does not ﬁx further points on , it follows
from Lemma 4(3) that U is conjugate to T1 = 0145 2345 ∼= 22 or
T2 = 0123 0213 0145 ∼= D8. Finally, if 3U = 7, then U is
conjugate to T3 = 0123 0213 ∼= 22. The normalizers NA11Ti are
easy to determine, and we see that Ti are not centric for every i = 1 2 3.
Properties of Maximal 2-Locals of Ly. The maximal 2-local subgroups
of Ly are classiﬁed by Wilson [21]. We review his results together with some
fundamental facts on G = Ly. There is a unique class of involutions of G.
Let z be an involution ofG, and let E be any elementary abelian 2-subgroup
properly containing z. The centralizer CGz is a non-split central exten-
sion of the alternating group A11. Recall that a preimage in CGz of a
permutation of type 22k of A11 is an involution (resp. of order 4) if and only
if k is even (resp. odd). In particular, the image of E in CGz/z ∼= A11 is
an elementary abelian 2-subgroup ofA11 in which every involution is of type
24. Such a subgroup of A11 is conjugate to one of the following, where we
use the symbols in Lemma 6 to denote some particular permutations ofA11:
ε41 ε41 ε42 ε41 02136789 and ε41 ε42 ε43
We denote the elementary abelian 2-subgroups of G corresponding to
these groups by F2 ∼= 22K3 ∼= 23 F3 ∼= 23, and F4 ∼= 24, respectively. Their
normalizers are determined in [21] as follows:
NGF2 ∼= 22+4 × 3 · S3 × S3
NGK3 ∼= 24L32 × 3 ≤ NGF4
NGF3 ∼= 23 · L32
and NGF4 ∼= 24 × 3 ·A7
radical 2-subgroups 247
Thus there are exactly four classes of maximal 2-local subgroups with repre-
sentatives L1 = CGz L2 = NGF2 L3 = NGF3, and L4 = NGF4.
We set Vi = O2Li i = 1     4. Then V1 = z ∼= 2 V2 ∼= 22+4 with
ZV2 = F2 V3 = F3 ∼= 23, and V4 = F4 ∼= 24. The maximality of Li implies
that Vi are radical 2-subgroups for every i = 1     4.
For later use, we provide some details about the structure of NGF2.
First we denote by ζij one of the two involutions of CGz corresponding to
the involution εij of CGz/z ∼= A11 1 ≤ j < i ≤ 4. Then F2 = z ζ41.
The image of CGF2 in CGz/z ∼= A11 is contained in the central-
izer of ε41 = 01234567, which is isomorphic to A11 ∩ 24S4 × S3 ∼=
23S4 × 32. The 23S4 part is generated by
012323454567∼=23 and 021324354657∼=S4
(8 9 10) is a cyclic group of order 3 centralizing the 23S4 part, and
(02)(13)(67)(89) lies outside the 23S4 × 3 part. A preimage of (02)(13)
in CGz normalizes F2 but ﬂips ζ41 and zζ41, because it is of order 4,
but a preimage of ε410213 is an involution. Thus it is not contained
in CGF2. Similarly, observing the permutation types of the product of
generators above with ε41, we conclude that
CGF2/z = 0123 2345 4567ε42 ε43 024135
× 8 9 1002136789 ∼= 23  A4 × 32
We set W = O2CGF2 let v (resp. w) be an element of order 3 of
CGz corresponding to (8 9 10) (resp. (024)(135)), and let j be a preimage
of (02)(13)(67)(89). Then W/z is generated by the permutations
0123 = ε42ε31ε41 2345 = ε21ε43ε31ε42
4567 = ε42ε31 02134657 = ε42 04261537 = ε43
Then W/z = ε21 ε31 ε41 ε42 ε43 coincides with the subgroup U02 ∼=
21+4+ in the notation of Lemma 6, and W = z ζj1 ζ4i  j = 2 3 4 i =
1 2 3. It is straightforward to check that W is a special group of order
22+4 with center F2 = z ζ41. Thus we have V2 = O2L2 = W ≤ CGF2.
Furthermore, v centralizes V2 but w permutes V
#
2 cyclically, j inverts
v, and vw = 1. As the product of ε41 = 01234567 and
02136789 is of type 24 j centralizes F2. In particular, F2 ≤
CGv ∩ CGj.
The centralizer CGv of the element v of order 3 is a perfect triple
central extension of the McLaughlin simple group McL. There is a single
class of involutions of AutMcL\McL, and its centralizer in McL is iso-
morphic to M11 [6, p. 101]. Since j inverts vCGv ∩ CGj is isomorphic
to M11, which contains F2 ∼= 22. As M11 has one class of involutions and
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TABLE II
Radical 2-Subgroups of Ly
Name R ZR NR/R Name R ZR NR/R
F4 24 2A15 3 ·A7 zR5 221+4  2 2A1 S3
F3 23 2A7 L32 zS 28 2 1
F2 22+4 2A3 3S3 × S3 zU1 224 2 S3 × S32 × 3
V
1
2 2225 23 S3 zU01 224  2 2 3× 32
z 2 2A1 A11 zU012 226 2 S3
zR1 224 2 S5 zT1 Q8 2 S3 × S5
zR2 224 2 S3 × S3 zT2 2D8 2 S5
zR3 2D8 × 22 2 S3 zT3 Q8 2 3×A72
zR4 224  2 2 S3
the centralizer of an involution z is isomorphic to Q8S3, the 22-subgroups
containing z correspond to Sylow 2-subgroups of S3 and hence they are
conjugate. Thus 22-subgroups of M11 form a single conjugacy class, and
there is an S4-subgroup containing each 22-subgroup of M11, as there is
an S5-subgroup of M11. This implies that there is a subgroup F2t s ∼= S4
contained in CGv ∩ CGj, where t3 = s2 = 1 ts = t−1, and t s ∼= S3
acts faithfully on F2.
Thus NGF2 = CGF2t s. As O3CGF2 = v V2 × v is a nor-
mal subgroup of NGF2. The subgroup w j ∼= S3 is a complement of
V2 × v in CGF2, in which j centralizes t s. Since t s ∼= S3 acts on
CGF2/V2 × v ∼= S3, this implies that NGF2/V2 × v is isomorphic
to S3 × S3, where the ﬁrst factor S3 corresponds to the image of w j and
the second factor S3 corresponds to either t s or t sj. This explains
the structure of NGF2 ∼= 22+4 × 3S3 × S3.
Proposition 7. There are exactly 17 conjugacy classes of radical 2-
subgroups of G = Ly with representatives in Table II. There z is an
involution, and we use the symbol zX to denote the preimage in CGz
of the subgroup X of A11 ∼= CGz/z in Table I. (Note that we may take
F4 = zU0 and V2 = zU02.) Of these classes, 13 (except those represented
by z and zTi i = 1 2 3) are centric.
Proof. Let U be a radical 2-subgroup of G. Assume that NGU ≤ L3
but U = V3. Then U/V3 lies in one of three classes of unipotent radicals
of L3/V3 ∼= L32, which are stabilizers of ﬂags of the natural module V3
for L3/V3. Then ZU = CV3U is an elementary abelian group of order
2 or 4. By the above review, ZU is conjugate to either z or F2. Thus
we conclude that U = V3NGU ≤ CGz, or NGU ≤ NGF2 = L2 up
to conjugacy.
Assume that NGU ≤ L4 but U = V4. Then U/V4 corresponds to a radi-
cal 2-subgroup of A7. Note that the action of L4/O2 3L4 ∼= A7 on V4 ∼= 24
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is the restriction of the natural action of A8 ∼= GL42. By Lemma 4(5), a
radical 2-subgroup of A7 is conjugate to that of 2A6, which are inter-
sections of unipotent radicals of Sp42 with SP42′. Thus the subspace
of V4 ﬁxed by U/V4 is a totally isotropic subspace (with respect to a sym-
plectic form), and hence ZU is a 1- or 2-subspace. Therefore we have
NGU ≤ CGz or NGU ≤ NGF2 = L2 up to conjugacy.
Assume now that NGU ≤ NGF2 but U = V2. We use the notation
introduced in the remarks previous to the proposition. Then U/V2 is a
radical 2-subgroup of NGF2/V2 ∼= 3 · S3 × S3. As we observed, the ﬁrst
factor S3 corresponds to w j, and the second factor S3 corresponds to
t s or t sj. Then up to conjugacy we may assume that U/V2 corresponds
to j s sj, or j s, applying Lemma 2. As j ∈ CGF2 but t s
acts faithfully on F2, in the ﬁrst case we have ZU = CF2U/V2 = F2,
but ZU = CF2U/V2 is of order 2 in the latter three cases. Thus up to
conjugacy, U = V2j or NGU ≤ CGz. The subgroup V 12 = V2j has
the center F2 as we just remarked, and hence NGV 12  ≤ NGF2. Hence
it follows from Lemma 1(3) that there are exactly two classes of radical
2-subgroups of G with centers conjugate to F2, represented by V2 and V
1
2 .
Summarizing our conclusions thus far, one of the following holds for a
radical 2-subgroup U of G up to conjugacy:
U = F3 F4 V2 V 12 = V2j (of order 27) or NGU ≤ CGz
Moreover, in view of their normalizers and centers, the former four
subgroups are radical 2-subgroups of G, and no two of them are conjugate.
If NGU ≤ CGz but U = z, then U/z is one of the 14 represen-
tatives of conjugacy classes of radical 2-subgroups of A11 determined in
Lemma 6. Note that as we already remarked, F4/z = U2 (conjugate to
U0) and V2/z = U02. Thus if U/z = U0 or U02, then U is conjugate to
the radical group F4 or V2 we have already obtained. On the other hand, we
will check below that except when U/z = U0 and U02, all U have center z.
If U/z = R1 R2 T1, or T3, then U/z is elementary abelian, but it
contains a 22-subgroup in which all involutions have permutation type 22.
As the inverse image of such a 22-subgroup in CGz is Q8, we conclude
that U is an extraspecial group with center z. We have ZU = z if
U/z = T2 ∼= D8, as the involutions of a 22-subgroup of T2 are type 22. If
U/z = R3, then ZU = z, because ZR3 is elementary abelian with
a 22-subgroup containing involutions of type 22 only. If U/z = U1, we
see that U is a central product of ζ41 ζ32 ∼= D8 with ζ42 ζ31 ∼= D8,
and ZU = z. Since R4 = U10189, and U01 U012, and S con-
tain U1, we have ZU = z if U/z is one of these representatives.
As ZU02 = ε41, the center of R5 = U026789 is also ε41. But
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ε416789 is of permutation type 24, and so a preimage of (67)(89) ﬁlps
ζ41 and zζ41. Thus if U/z = R5, then ZU = z.
Hence NGU ≤ CGz, and therefore U is a radical 2-subgroup, unless
U/z = U0 or U02. Those 13 classes of radical subgroups together with z
form a complete set of representatives of radical 2-subgroups with centers
conjugate to z by Lemma 1(3).
Hence we obtained in total 4 + 13 = 17 radical groups. They from a
complete set of representatives of radical 2-subgroups of G, in view of
their centers and arguments in the preceding paragraphs. As the preim-
age in CGz of a centric 2-subgroup of A11 is centric in G, it easy to
determine which representatives are centric.
4. RADICAL 2-SUBGROUPS OF HS
Before determining the radical 2-subgroups of the Higman–Sims sim-
ple group HS, some details will be provided about how to determine the
maximal 2-local subgroups together with descriptions of their structures.
Those could be read from [13] as well, but it seems difﬁcult to determine
the radical groups by just relying on the information in [13].
Two known presentations of a Sylow 2-subgroup of HS are given in what
follows: the former one is found in [8, 10] and the latter in [16], which has
a close connection with that of a Sylow 2-subgroup of the sporadic simple
group of O’Nan.
Lemma 8. (1) Let S1 be a group with eight generators, l α1 α2 α3 α4,
x y a, satisfying the relations
l2=α21=α22=α23=α24=z z2=x2=y2=a2=1
zg=1 for all generators g lg=1 for all generators except g=a
and la=z
α1α2=1 α1α3=z α1α4=1 α2α3=1 α2α4=z
α3α4=1
αx1=α1z αy1=α1 αa1=α2 αx2=α2z αy2=α2z αa2=α1
αx3=α1α3 αy3=α1α2α3l αa3=α4 αx4=α2α4 αy4=α1α4lz αa4=α3
xy=1 xa=1 ya=yxα1α2l
Then α1 α2 α3 α4 ∼= 21+4+  E = l α1 α2 α3 α4 ∼= 4 ∗ 21+4+ , where z
is the amalgamated center and S1 is a split extension of D8 by E.
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(2) Let S2 be a group with ﬁve generators v1 v2 v3 s t satisfying the
relations
v4i = 1 vi vj = 1 i j = 1 2 3 s4 = 1 t2 = 1 st = s−1
vs1 = v2 vs2 = v3 vs3 = v1v−12 v3
vt1 = v−13  vt2 = v−12  vt3 = v−11 
Then S2 is a split extension by V = v1 v2 v3 ∼= 43 of S2/V ∼= D8.
(3) The map
l → v−11 v22v3 α1 → v−11 v3 α2 → v1v22v3 α3 → s2tv21v22
α4 → tv32v23 x → s2v2v−13  y → tv−11 v2v−13  a → s−1tv22v23
gives an isomorphism of S1 with S2, and its inverse map is given by
v1 → yxα2α3z v2 → yα1α4 v3 → yxα1α2α3
s → aα3 t → α1α2α4z
In the following, we identify S1 with S2 via the above isomorphism and
denote it S. Let G be the Higman–Sims simple group having S as its Sylow
2-subgroup. We summarize some standard facts on G:
Lemma 9. (1) There are exactly two classes 2A and 2B of involutions of
G with representatives z and x. The centralizer CGz is a split extension of
S5 by E, and CGx = x × R, where R ∼= AutA6.
(2) [8, Lemmas 4.5, 4.7] We may take a y α1α2 as a Sylow 2-
subgroup of R so that a y ∼= D16 (resp. ay2 a × α1α2 ∼= D8 × 2) is a
Sylow 2-subgroup of a subgroup of R isomorphic to PGL29 (resp. S6) and
ay2 a ∼= D8 is a Sylow 2-subgroup of R′ ∼= A6.
(3) The involutions in E\ z form a single conjugacy class under
CGz, and they are 2A-involutions [10, Lemmas 2, 7]. The involutions in
CGz′\E form a single conjugacy class under CGz, and they are 2B-
involutions [10, Lemmas 3, 7], where l = ZE ECGz′ = CGl, and
CGz′/E ∼= A5 [10, Lemma 1]. There are precisely two CGz-classes of
involutions in CGz\CGz′ with representatives a and al. The element a
(resp. al) is a 2A(resp. 2B)-involution [10, Lemmas 6, 7].
(4) CGz α1α2 = CSα1α2 [10, Lemma 2]. CGz x = CSx =
x × a y α1α2 [10, Lemma 10]. CGz a = z a × 1 and CGz al =
z al × 1, where 1 = α1α2 α3α4 · x · P ∼= S4 and P is a subgroup of
order 3 [10, Lemma 6].
(5) Every involution of x z a α1α2\z a α1α2 is a 2B-involution,
while z a α1α2 is 2A-pure.
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TABLE III
2A-Pure Elementary Abelian 2-Subgroups of HS
Repre. Order Normalizer
z 2 CGz
F1 = z α1α2 22 NGF1 ≤ NGW 
F2 = z a 22 NGF2 ≤ NGA
W 23 NW 
K2 = z α1α2 α3α4 23 NGK2 ≤ NGA ∩ CGz
K3 = z α1α2 a 23 NGK3 ≤ CGα1α2
A 24 NGA
Proof of Claim (5). From claim (2), α1α2 is an involution of S6\A6
commuting with z a ≤ R′ ∼= A6. Thus there is an element g of order
3 in R′ commuting with α1α2 which cyclically permutes three involutions
of z a. Since xz = xα2 xα3α4 = xα1α2, and xα4α3α2 = xzα1α2 are all
2B-involutions (resp. α1α2 and zα1α2 (both in E) are 2A-involutions), the
former (resp. latter) claim follows by taking their conjugates under g.
The following 2-subgroups turn out to be important in the sequel (the
structures of their normalizers are determined in [8, 10]):
E=lαii=1234=O2CGz∼=4∗21+4 NGE=CGz
W =1V =v2i i=123∼=23 NGW =NGV ∼=43 L32
A =zα1α2α3α4a∼=24 NGA∼=24 S6
Lemma 10. There are seven classes of 2A-pure elementary abelian sub-
groups of G with representatives and normalizers in Table III.
Proof. Let E be a 2A-pure elementary abelian subgroup of G. We may
assume z ∈ E. From Lemma 9(3), if E = 4 then E is conjugate to either
F1 = z α1α2 or F2 = z a. (As (α1α2α2 = zα1α2 and al = az, they are
both 2A-pure.)
Let E ≥ 8. We may assume that E contains F1 or F2. If E ≥ F1, E
is a subgroup of CGF1 = CSα1α2 by Lemma 9(4). By easy calcula-
tion, CSα1α2 = V s2 st ≤ NGW  in terms of the second presentation
of S. Since NGW /V ∼= GL32 acts naturally on W ∼= 23, the normal-
izer in NGW /V of a 22-subgroup F1 induces the full automorphism
GL22 ∼= S3 on F1. Thus NGF1 ≤ NGW .
If E ≤ V , then E ≤ W = v21 v22 v23. If E ≤ V , then EV/V is an ele-
mentary abelian 2-subgroup of NGV /V ∼= L32. Thus we may assume
that E ∩ s2V = , because the involutions of L32 form a single con-
jugacy class and every 22-subgroup of L32 admits the faithful action of
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S3. The calculation in [16, Lemma 2.6] shows that the coset s2V contains
16 involutions which forms two conjugacy classes under V (note that the
action of s2 on V does not depend on the splitness of S/V ). As s2 = α3α4
and x = s2v−12 v3 are 2A- and 2B-involutions contained in s2V , we may
assume that E contains K2 = F1 α3α4, whose centralizer is calculated
to be l α1α2 α3α4 a. Thus E is contained in 1 of that centralizer,
which is A = z α1α2 α3α4 a ∼= 24. Hence we conclude that if F1 ≤ E,
then E is W , K2, or A. Since 1CGK2 = A and CGK2′ = z,
NGK2 ≤ NGA ∩ CGz.
If E ≥ F2, then E is a subgroup of CGF2, whose structure is described
in Lemma 9(4). In particular, NGF2 ≤ NGA, because we have
O2CGF2 = F2 × O21 = z a α1α2 α3α4 = A. Now 1 ∼= S4 con-
tains two classes of involutions with representatives α1α2 (2A-involution)
and x (2B-involution). As E is 2A-pure, we see that 1 ∩ E = α1α2 or
α1α2 α3α4 up to conjugacy. Thus we have either E = F2 α1α2 = K3
or F2 α1α2 α3α4 = A. The centralizer CGK3 is calculated to be
z a x α3α4 ∼= 22 ×D8, and hence CGK3′ = α1α2. Thus NGK3 lies
in CGα1α2, which is conjugate to CGz.
Proposition 11. There are exactly ﬁve classes of maximal 2-local sub-
groups of the Higman–Sims simple group G with the following representatives:
CGz, CGx,
NGx y = x yP1 × Ql ∼= A4 × F45 , with P1 a subgroup of
order 3 cyclically permuting x y and Q a subgroup of order 5 on
which l acts ﬁxed point freely;
NGW  and NGA.
Proof. Every 2-local subgroup of G is contained in the normalizer of an
elementary abelian 2-subgroup. Thus it sufﬁces to determine the normal-
izers of elementary abelian 2-subgroups which are maximal among them,
up to conjugacy. Let E be an elementary abelian 2-subgroup of G. If E is
2A-pure, then NGE is contained in one of the ﬁve 2-local subgroups by
Lemma 10. Thus we may assume that E contains a 2B-involution.
Then up to conjugacy E is a subgroup of CGx of the shape
E = x × E ∩ T , where T = a y α1α2 is a Sylow 2-subgroup of
R ∼= AutA6 (see Lemma 9(1)(2)). It is easy to check that the involu-
tions of T\a y (resp. a y split into two conjugacy classes under ya
with representatives α1α2 and aα1α2 (resp. z, y and a). Note that α1α2
(∈ E), aα1α2 = alα1 , z and a are 2A-involutions, while y ∈ CGl\E is a
2B-involution (see Lemma 9(3)).
If E ∩ T ≤ a y, then we may assume α1α2 ∈ E ∩ T or aα1α2 ∈ E ∩ T .
In the former case, E ∩ T ≤ CT α1α2 = ya2 a α1α2 ∼= D8 × 2, and
so either E ≤ x z a α1α2 or E ≤ x z ya2a α1α2 = x z a α1α2y 
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TABLE IV
Radical 2-Subgroups of HS
Name R ZR NGR/R Name R ZR NGR/R
x 2 2B AutA6 E 4 ∗ 21+4 2A14A2 S5
x y 22 2B3 3× F 45 Ex y 43  22 4 S3
A 24 2A15 S6 Ea 24+3 2A S3
V 43 2A74A14B42 L32 V s t 43  D8 2 1
W s2 st 43  22 2A3 S3
In the latter case, E ≤ x × CT aα1α2 = x z a α1α2 Thus in either
case, we may assume that E ≤ x z a α1α2 ∼= 24. On the other hand, if
E ∩ T ≤ a y ∼= D16, then E ≤ x z a or E ≤ x y. Thus we conclude
that either E ≤ x z a α1α2 or E ≤ x y.
Lemma 9(5) implies that z a α1α2 is a unique 2A-pure subgroup of
x z a α1α2. Hence if E ≤ x z a α1α2, then NGE is contained in
the normalizer of the 2A-pure elementary abelian group E ∩ z a α1α2,
unless E = x.
Now it remains to determine the structure of NGx y. By Lemma 9(2),
the involution y lies in PGL29\A6, and hence CR′ y ∼= D10 and
CRy ∼= F45 × 2. Let Q be a Sylow 5-subgroup of CR′ y. Then NGx y
normalizes O5CGx y = Q, and hence NGx y ≤ NGQ ∼= F45 ×A5.
Observing the latter group and noticing l y = l × y, the structure of
NGx y is determined as stated in the proposition.
Proposition 12. The radical 2-subgroups of the Higman–Sims simple
group split into nine conjugacy classes with representatives in Table IV under
the notation above. (Note that Ex y = W s2 t.) Of these classes, seven
(except those represented by x and x y) are centric.
Proof. Let U be a radical 2-subgroup of G. Then NGU is contained
in one of the ﬁve maximal 2-local subgroups in Proposition 11 up to conju-
gacy. Note that the O2-parts of the ﬁve representatives of maximal 2-local
subgroups are radical 2-subgroups.
If NGU ≤ NGx y but U = x y, then x yU and U/x y is
a radical 2-subgroup of NGx y/x y ∼= 3 × F45 . Then U/x y ∼= 4,
and we may take U = x y × l. As U ′ = z, NGU ≤ CGz. Thus in
this case, we only have U = x y as a radical 2-subgroup.
If NGU ≤ CGx and U = x, then U/x is a radical 2-subgroup of
CGx/x ∼= AutA6. It follows from Lemma 4(4) and the knowledge
about CGx in Lemma 9 that U is x z a α1α2, x y, or x a y α1α2
(corresponding to a 23-subgroup of S6, the outer involution or a Sylow
2-subgroup of AutA6, respectively). In the ﬁrst case, K3 = z a α1α2
is the unique maximal 2A-pure subgroup of U by Lemma 9(5), and hence
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NGU ≤ NGK3 ≤ CGα1α2 (see Lemma 10), which is conjugate to
CGz. In the second case, we have U = x y, which has already appeared.
In the last case, U ′ = a y and so NGU ≤ CGz as z = a y2. Thus
in this case, x is the only new radical subgroup.
If NGU ≤ NGA but U = A, then U/A lies in one of the three
classes of unipotent radicals of NGA/A ∼= Sp42, which are the unipo-
tent radicals of the stabilizers of ﬂags of totally isotropic subspaces
of the natural module A for NGA/A. If the ﬂag corresponding to
U/A contains a 1-space, then ZU = CAU/A is generated by a 2A-
involution, and therefore NGU ≤ CGz up to conjugacy. Thus we may
assume that U = Al α1 x, because U/A is a 22-subgroup ﬁxing the
2-subspace F1 = z α1α2 of A. However, as ZU = CAU/A = F1,
we have NGF1 ≤ NGW  by Lemma 10. Thus A is the only one radical
2-subgroup obtained in this case.
If NGU ≤ NGW  but U = V , then U/V lies in one of the three
classes of unipotent radicals of NGW /V ∼= L32, which are unipotent
radicals of the stabilizers of ﬂags of subspaces of the natural mod-
ule W for NGW /V . If U/V corresponds to a ﬂag containing a point
(a 1-subspace), then 1ZU = CW U/V  is conjugate to z, and
hence NGU ≤ CGz up to conjugacy. Thus we may take U = V ×
s2 st, as CV s2 st = CW s2 st = z α1α2 = F1 (note that st inverts
l). Conversely, for U2 = V s2 st, we have ZU2 = F1, and thus
NGU2 ≤ NGF1 ≤ NGW , as we saw in Lemma 10. If follows from
Lemma 1(3) that U2 is a representative of the class of radical 2-subgroups
of G with centers conjugate to F1. Moreover, there is a single class of
radical 2-subgroups with centers conjugate to V , represented by V .
Hence we conclude that every radical 2-subgroup of G is either conju-
gate to exactly one of x, x y, A, V , or V s2 st, or is conjugate to a
subgroup of CGz. As ZE = l and 1ZE = z, it follows from
Lemma 1(3)(4) that there are exactly four classes of radical 2-subgroups
with centers l or z, with representatives E, Ex y, V s t, and Ea.
Note that the latter three respectively correspond to the three represen-
tatives 22, D8, and 2 (transposition) of classes of radical 2-subgroups of
CGz/E ∼= S5. Now we have exhausted the 5+ 4 representatives of radical
2-subgroups of G, and their normalizers are easily determined inside the
maximal 2-locals which contain them.
5. RADICAL 2-SUBGROUPS OF O′N
Let G = O′N be the simple group of O’Nan. To describe the 2-local sub-
groups of G, we use the notation of [22]. In particular, a Sylow 2-subgroup
of G is generated by elements vi i = 1 2 3, and s and t satisfy the same
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relations as those in Lemma 8(2), with the relation s4 = 1 replaced by
s4 = v1v3. The involutions of G form a single conjugacy class. The elemen-
tary abelian 2-subgroups are classiﬁed in [22, Lemma 3.1, 3.2]; they are
conjugate to one of the following subgroups:
v21v23 ∼= 2
V1 = v21v22 v21v23 ∼= 22 V2 = v21v23 st ∼= 22
W1 = v21 v22 v23 ∼= 23 W2 = v21v23 v21v22 s2v−11  ∼= 23
W3 = v21v23 v21v22 st ∼= 23
(Note, in fact, that we can show that W2 is conjugate to W3 [1, Lemma 1.12],
but we do not need this fact later.) The proof of [22, Proposition 3.3]
showed that their normalizers satisfy
NGWi≤CGv21v23∼=4·L34 2 i=23
and C =O2CGv21v23=v1v21v−13 ∼=4
NGV1≤NGW1∼=43 ·L32 and V =O2NGW1=v1v2v3∼=43
NGV2≤NGR=Rv1v2v23×Kh where R is an 32-subgroup on
which v1v2v23∼=4 acts ﬁxed point freely, K∼=A6 contains v1v22v−13 st
∼=D8, and h is a 2-element inverting v1v2v23 with the square h2=v22v23
[22, Lemma 2.3(iv)].
The exact structure of NGV2 is determined as follows. There are
two classes of 22-subgroups of A6, both of which have normaliz-
ers S4. Thus NKV2/V2 ∼= S3, and NGV2 = CGV2NKV2. Since
CGV2 = Rv1v2v23 × V2 ∼= 32  4× 22 [22, Lemma 3.1(ii)], we have
NGV2 = Rv1v2v23 ×NKV2 ∼= 32  4× S4
Note that v1v22v−13  st ∼= D8 is a Sylow 2-subgroup of NKV2.
Thus we obtain
Lemma 13. There are just three classes of maximal 2-local subgroups of
G = O′N with representatives CGv21v23 = NGCNGW1 = NGV , and
NGV2.
By the maximality of their normalizers, C = O2NGC V =
O2NGV , and V2 = O2NGV2 are radical 2-subgroups of G.
Lemma 14. Let A be a semidirect product of a normal subgroup
L = L34 with the group generated by the unitary automorphism ι. Then
2A consists of four classes with representatives Up ∼= 24 (a unipotent rad-
ical of L corresponding to a point), Upl ∼= 22+4 (a Sylow 2-subgroup of L),
ι, and a Sylow 2-subgroup of A.
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Proof. This is a typical example to which Lemma 3 is applied effectively.
There are three classes of radical 2-subgroups of L34 corresponding to
ﬂags of subspaces of the natural module for SL34. Let UpUl, and Upl
be unipotent radicals representing these classes, where p l is a point-line
ﬂag. As the unitary automorphism interchanges the points and the lines,
there is a single A-class of radical subgroups with normalizers contained in
L, represented by Up. Suitably choosing a basis of the natural module, we
may represent the normalizer of Upl in L as the group of lower triangular
matrices modulo the scalar matrices. There is a single class of involutions
in A\L under L (e.g., [6, p. 24]), so we may assume that ι sends a matrix
M of SL34 to Jt  M−1J, where J is the anti-diagonal 0 1-matrix and  M
is the matrix obtained from M by replacing each entry by its square. Thus ι
normalizes NLUpl and inverts the “diagonal” subgroup of order 3. Thus
NAUpl/Upl ∼= S3, and Upl is a radical 2-subgroup in A. This also shows
that there is a single class of radical 2-subgroups of A properly containing
Upl, represented by Upl ι. Since the centralizer of ι in L is isomorphic
to U32 ∼= 32  Q8 with the trivial O2-part, ι is a radical 2-subgroup of
A. Now we have exhausted the radical subgroups of A by Lemma 3.
Theorem 15. There are in total eight classes of radical 2-subgroups of
O′N , of which ﬁve (except those represented by V2 C, and Cι) are centric.
Descriptions of structures of the representatives and their normalizers are given
in Table V.
Proof. Let R be a radical 2-subgroup of G. Up to conjugacy, NGR is
contained in CGv21v23 = NGCNGV , or NGV2 by Lemma 13.
Assume that NGR ≤ NGV2. If R = V2, then R/V2 is a radical 2-
subgroup of NGV2/V2 ∼= 32  4 × S3. As v1v2v23 and v1v22v−13  st/V2
respectively correspond to Sylow 2-subgroups of the 32  4 and the S3-factor
of NGV2/V2, it follows from Lemma 2 that R is conjugate to
v1v2v23 × V2 ∼= 4× 22
v1v22v−13  st ∼= D8
or v1v2v23 × v1v22v−13  st ∼= 4×D8
TABLE V
Radical 2-Subgroups of O′N
Name R ZR NGR/R Name R ZR NGR/R
V2 22 2A3 32  4 × S3 C 4 2A14A2 L34  2
V 43 2A74A14B42 L32 Cp C24 4 L24
V l V22 2A3 S3 Cpl C22+4 4 S3
Cι C2 2A 32  Q8
Cιpl C22+42 2 1
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In the ﬁrst two cases, x2  x ∈ R is of order 2, and so NGR is con-
jugate to a subgroup of NGC. In the last case, we have x2  x ∈ R =
v21v22 v21v23 = V1 and NGR ≤ NGV1 ≤ NGV .
Assume that NGR ≤ NGV  and R = V . Then R/V is a unipotent rad-
ical of L32 ∼= NGV /V , which corresponds to a ﬂag of subspaces of the
natural module W1 for NGV /V . If the corresponding ﬂag contains a point,
1ZR = CW1R/V  is of order 2, and hence NGR ≤ NGC up to
conjugacy. Since CV V l = v21v23 v21v22 = V1 for V l = V s2 st V l/V
is a unipotent radical corresponding to a line of W1. Conversely, as
ZV l = V1, we have NGV l ≤ NGV1 ≤ NGV . Then it follows from
Lemma 1(3) that V l is a representative of the class of radical 2-subgroups
with centers conjugate to V1.
Assume that NGR ≤ NGC and R = C. Then R/C is conjugate to one
of the four representatives in Lemma 14. Since st is an involution inverting
C, the group Cι = Cst corresponds to the representative ι. Clearly
Cpl = V s2 t and Cιpl = V s t correspond to Sylow 2-subgroups of
CGC/C and NGC/C, respectively. (The group Cpl is also described as
a subgroup V p corresponding to the unipotent radical for a point inside
NGV /V) As s4 = v1v3, we may verify that Cp = Cv22 v23 s2v1v23 t has
center C and Cp/C ∼= 24. Thus Cp corresponds to the representative
Up. As ZCx = C (resp. v21v23) if x = p or pl (resp. x = ι or ιpl), it
follows from Lemma 1(3) that there are three (resp. two) classes of radical
2-subgroups with centers conjugate to C (resp. v21v23), represented by C,
Cp, and Cpl (resp. Cι and Cιpl).
We exhausted radical 2-subgroups of G. In view of their normalizers
and centers, no two of the eight representatives we obtained are conjugate
under G.
6. RADICAL 2-SUBGROUPS OF HN
Let G = HN be the sporadic simple group of Harada–Norton. We ﬁrst
summarize the information on 2-local subgroups of G established in [15,
3.1].
There are just two classes of involutions of G, called 2A and 2B, with
centralizers 2 ·HS  2 and 21+8+ · A5 ×A5  2, respectively. We deﬁne a
quadratic form qT on an elementary abelian 2-subgroup T of G, consid-
ered as a vector space over GF2, by declaring qT x = 0 if and only if
x is the identity or a 2B-element. The associated bilinear form with qT
is denoted by bT  bT x y = qT xy + qT x + qT y. For any elemen-
tary abelian 2-subgroup T containing a four group x y, the following
conditions are equivalent:
(i) bT x y = 1.
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(ii) x y contains exactly one or three 2A-elements.
(iii) y ∈ CGx does not lie in the commutator subgroup CGx′.
There is a maximal subgroup M of G isomorphic to the alternating
group A12. We represent the elements of M as even permutations on the
letters 0 1     9AB. The permutations of M of type 22 and 26 (resp.
24) are 2A (resp.2B)-elements of G.
Lemma 16 [15, 3.1]. (1) There is a single class of 2A-pure four sub-
groups of G, with representative Z2 = 0123 0213, a subgroup ofM ,
whose normalizer in G is contained in M and is isomorphic to A4 ×A8  2.
There is no 2A-pure elementary abelian subgroup of order greater than 4.
(2) There are three classes of elementary abelian 2-subgroups T of
order more than 22 on which the bilinear form bT above are non-degenerate,
represented by the following subgroups of M:
Z3 = 0123 0213 4567 4756 89AB 8A9B
∼= 26 0123 0213 4567 4756
0123 0213 4567 475689AB
The normalizers of the latter two are contained in the normalizer of the ﬁrst
one, which is isomorphic to 26 ·O−6 2.
(3) There are just two classes of 2B-pure four subgroups of G, say,
of type f  and type s. The normalizer of a 2B-pure elementary abelian
2-subgroup containing a four group of type s is contained in the central-
izer of a 2B-element. There are two classes of 2B-pure elementary abelian
subgroups in which every four subgroup is of type f , represented by Z4, a
subgroup of order 8, and a four subgroup of Z4. The normalizer of the latter
is contained in that of Z4, which has the shape 2322263× L32.
As an immediate corollary, we have
Theorem 17 [15, 3.1]. There are just ﬁve classes of maximal 2-local
subgroups of G, with the following representatives Li i = 1     5:
(1) L1 = CGa ∼= 2 · HS  2, the centralizer of a 2A-element
a = 0123.
(2) L2 = NGZ2 ∼= A4 ×A8.2.
(3) L3 = NGZ3 ∼= 26 ·O−6 2.
(4) L4 = NGZ4 ∼= 2322263× L32.
(5) L5 = CGz ∼= 21+8+ · A5 ×A5  2.
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We set Ri = O2Li and Zi = ZRi for i = 1     5. The groups Ri
are radical 2-subgroups of G by the maximality of Li.
We now start the classiﬁcation of radical 2-subgroups of G. Let R be
a radical 2-subgroup of G. It follows from Theorem 17 that NGR is a
subgroup of Li for some i = 1     5 up to conjugacy.
Assume ﬁrst that NGR ≤ L2 but R = R2 = Z2. The normalizer L2
induces S3 on Z2 ∼= 22 with a kernel that is the direct product of Z2 with
K ∼= A8, the stabilizer of the letters 0 1 2 3. Thus if R is not contained in
Z2 ×K, then R has an element ﬂipping two 2A-elements of Z2, and hence
ZR is generated by a single 2A-element of Z2. Then NGR ≤ L1 up to
conjugacy. If R lies in Z2 × K, we have R = Z2 × R ∩ K, where R ∩ K
is a radical 2-subgroup of K ∼= A8 by [17, Lemma 3.1]. As we saw for Ly,
the nontrivial elements of every radical 2-subgroup of K ∼= A8 are of type
24 on the letters 4     9AB. Thus the nontrivial elements of R ∩K are
2B-involutions of G. As the involutions of R\R ∩K are of type 22 or 26,
they are 2A-involutions of G. Thus R ∩K is the unique maximal 2B-pure
subgroup of R. Then NGR ≤ NGR ∩K, and by Lemma 16(3) the latter
group is contained in L4 or L5 up to conjugacy.
Next assume that NGR ≤ L1 but R = R1 = Z1 = a. Then R/Z1 is
a radical 2-subgroup of L1/Z1 ∼= HS  2. If R/Z1 trivially intersects with
L′1/Z1 ∼= HS, then R/Z1 corresponds to an involution of HS  2\HS.
There are two classes of such involutions, denoted 2C and 2D in [6, p.
81], with centralizers in HS isomorphic to S8 and a group of order 2735,
respectively. As the latter centralizer has the nontrivial O2 part, the radical
subgroup R/Z1 is generated by a 2C-involution by Lemma 3(1). It follows
from [6, p. 81] that the preimage R in L1 is a four subgroup. As R/Z1
commutes with S8 and hence with an element of order 7, we conclude that
R is 2A-pure. Then R = Z2 up to conjugacy in this case. Thus we may
assume R/Z1 ∩ L1/Z1′ = 1.
Then NGR normalizes  T = T/Z1 T = R ∩ L′1, which is a radical
2-subgroup of L′1/Z1 ∼= HS by [17, Lemma 3.1]. From Proposition 12,
either  T is a 2B-pure subgroup in HS or 1Z T  contains a 2A-element
in HS. Assume that the latter holds. By [6, p. 81], the preimages of a
2A-involution of L′1/Z1 ∼= HS in L′1 are involutions, so that the preim-
age S of 1Z T  is an elementary abelian 2-subgroup of G containing the
generator a of Z1. If the quadratic form qS on S has the nontrivial radi-
cal, then NGR stabilizes the corresponding 2B-pure subgroup of S, and
hence NGR ≤ Li for i = 4 or 5 up to conjugacy by Lemma 16(3). If qS is
non-degenerate, then NGR is contained in L3 up to conjugacy by Lemma
16(2), as S is not a 2A-pure four subgroup.
Thus we may assume that  T is a 2B-pure subgroup of L′1/Z1 ∼= HS. Then T is “x” or “x y” in the notation of Proposition 12. In each case, we
will determine  R = R/Z1, which is a radical 2-subgroup of L1/Z1 ∼= HS  2
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with  T =  R ∩ L′1/Z1. We will also show that the preimage in L1 of such a
subgroup  R is in fact a radical 2-subgroup of G.
Assume  T = x. As CL′1/Z1x/x ∼= AutA6, we have CL1/Z1x/x ∼=
AutA6 × 2, and hence  R =  T . There is a single class of 2-elements of
CL1/Z1x/xoutsideCL′1/Z1x/xwhose centralizers inCL′1/Z1x/xhave
the trivial O2 part. Then by Lemma 3(1) we may take  R = x ζ, where
ζ is an involution of L1/Z1 outside L
′
1/Z1 centralizing AutA6 modulo
x. In particular, ζ is a 2C−involution of HS  2, as it commutes with a
32-subgroup of L′1/Z1 (see [6, p. 81]). Conversely, the subgroup x ζ of
L1/Z1 for a 2C-involution ζ centralizing AutA6 modulo x is a radical
subgroup of L1/Z1 ∼= HS  2. Since the preimages of ζ in L1 are 2A-
involutions of G, the preimage Rx ζ1 of x ζ contains a 2A-pure four
subgroup. Moreover, the inverse image in L′1 of a subgroup of L
′
1/Z1
∼= HS
generated by a 2B-involution is of order 4 (see [6, p. 81]). Thus x is
the unique cyclic subgroup of index 2 in Rx ζ1 , and hence the normal-
izer of Rx ζ1 in G centralizes x
2 = a. Then it follows from Lemma 1(2)
that Rx ζ1 is in fact a radical 2-subgroup of G. As CGZ2 ∼= 22 ×A8,
there is no subgroup of G isomorphic to 4× 2 containing a 2A-pure four
subgroup. Thus Rx ζ1 ∼= D8.
Assume that  T = x y. Then NL′1/Z1 T / T ∼= 3×F45 and NL1/Z1 T / T ∼=
S3 × F45 [6, p. 80]. As the involution ζ above centralizes the AutA6-factor
of CL′1/Z1x modulo x, ζ corresponds to an involution of NL1/Z1 T / T
inverting the O3 part and centralizing the F
4
5 -factor of NL1/Z1 T / T . Then
ζ represents the single class of nontrivial 2-elements of NL1/Z1 T / T out-
side NL′1/Z1 T / T , whose centralizer has the trivial O2 part. Thus if  R =  T ,
we may assume  R =  T ζ from Lemma 3(1). Since O2NL1/Z1 T / T  = 1, T is also a radical 2-subgroup of L1/Z1. Then it follows from Lemma 3
that there are two classes of radical 2-subgroups  R of L1/Z1 ∼= HS  2
containing  T , represented by  T = x y and x y ζ. Conversely, as
we saw above, the preimage Rxy1 in L
′
1 of x y ∈ 2L1/Z1 has a
unique involution x2 = a (and so Rx y1 ∼= Q8). Hence NGRxy1  lies
in CGa = L1, and Rxy1 ∈ 2G. As the preimage Rxyζ1 in L1 of
x y ζ has a subgroup Rxy1 of index 2, NGRxyζ1  is also contained
in CGa, and hence Rxyζ1 ∈ 2G as well.
Summarizing, in the present case, we have three new classes of radical
2-subgroups, represented by Rxζ1 ∼= D8, Rxy1 ∼= Q8, and Rxyζ1 with
centers a = Z1.
The rest is easy. Assume that NGR ≤ L3 but R = R3 up to conjugacy.
Then R/R3 corresponds to the unipotent radical UF for a ﬂag F of totally
singular subspaces of the orthogonal space Z3 ∼= 26 for L3/R3 ∼= O−6 2.
Thus ZR = CZ3R/Z3 is a 2B-pure elementary abelian subgroup of
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order 2 or 4, depending on whether the initial term of F is a singular 1-
or 2-subspace of Z3. The former case is reduced to the analysis inside the
2B-centralizer L5. The latter case is reduced to that inside L4 (or L5) by
Lemma 16(3).
Assume that NGR ≤ L4 but R = R4. Since L4/O2 3L4 ∼= L32 acts
faithfully on Z4 ∼= 23, R/R4 corresponds to one of three classes of unipo-
tent radicals of L32. Then ZR = CZ4R/R4 is of dimension 1 or 2,
depending on whether R/R4 corresponds to a point, a point-line ﬂag, or
a line. In the former two cases we have NGR ≤ L5. In the last case, the
preimage in L4 of the corresponding radical subgroup of L4/R4 is in fact
a radical subgroup of G, by Lemma 16(3) and Lemma 1(2).
Finally we are reduced to the case where NGR ≤ L5. The radical
2-subgroups of A5 × A5 ∼= L′5/R5 form three classes with representa-
tives E1 E2 and E1 × E2, where E1 and E2 are four subgroups of the
ﬁrst and the second direct factor A5, respectively. As an involution ι of
A5 ×A5  2 ∼= L5/R5 outside L′5/R5 interchanges the two direct factors
Ei i = 1 2 E1 and E1 × E2 are representatives of classes of radical 2-
subgroups of L5/R5 contained in L
′
5/R5. The 2-elements of L5/R5 outside
L′5/R5 whose centralizers in L
′
5/R5 have the trivial O2 part, are conju-
gate to ι under L′5/R5. Moreover, NL′5/R5E1 × E2/E1 × E2 ∼= 3× 3 and
NL5/R5E1×E2/E1×E2 ∼= 3× S3. Then ι represents the single class of 2-
elements of NL5/R5E1 ×E2/E1 ×E2 outside NL′5/R5E1 ×E2/E1 ×E2,
whose centralizers in NL′5/R5E1 × E2/E1 × E2 have the trivial O2 part.
Thus if follows from Lemma 3 that there are two classes of radical
2-subgroups of L5/R5 not contained in L
′
5/R5, represented by ι and
E1 × E2ι. From Lemma 1(4), there are just ﬁve classes of radical
2-subgroups of L5, represented by R5 and the preimages of E1 E1 × E2,
ι, and E1 × E2ι in L5.
Summarizing, we have 1 + 4 + 1 + 2 + 5 = 13 representatives of classes
of radical 2-subgroups. No two of them are conjugate, in view of their
structures and normalizers.
TABLE VI
Radical 2-Subgroups of HN
Name R ZR NGR/R Name R ZR NGR/R
R2 22 2A3 3×A8  2 R4 232226 2B7 3× L32
R1 2 2A HS  2 Rl4 R422 2B3 3× S3
R
xζ
1 D8 2 A622 R5 21+8+ 2B A5 ×A52
R
xy
1 Q8 2 S3 × F 45 R15 R522 2 3×A5
R
xyζ
1 Q82 2 F
4
5 R
ι
5 R52 2 A5
R3 26 2A45B27 O−6 2 R125 R524 2 3× S3
R
12ι
5 R5242 2 3
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Theorem 18. There are in total 13 classes of radical 2-subgroups of HN ,
of which eight are centric (except those of R2, R1, R
X
1 for X = x ζ x y
and x y ζ). Brief descriptions of structures of the representatives and their
normalizers are given in Table VI.
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